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Abstract 

Anti-self-dual metrics in the (-|- H ) signature which admit a covariantly constant 

real spinor are studied. It is shown that finding such metrics reduces to solving a fourth 
order integrable PDE, and some examples are given. The corresponding twistor space is 
characterised by existence of a preferred non-zero real section of where k is the 

canonical line bundle of the twistor space. It is demonstrated that if the parallel spinor 
is preserved by a Killing vector, then the fourth order PDE reduces to the dispersionless 
Kadomtsev-Petviashvili equation and its linearisation. Einstein- Weyl structures on the 
space of trajectories of the symmetry are characterised by the existence of a parallel 
weighted null vector. 

1 Introduction 

Constraints on a (pseudo) Riemannian geometry imposed by the existence of a parallel 
spinor essentially depend on the properties of the Clifford algebra and the spin group 
associated with the metric. There has been an interest in such geometries in pure math- 
ematics, because they extend a list of holonomy groups of Riemannian manifolds (where 
the existence of a parallel spinor implies Ricci flatness). Pseudo Riemannian metrics in 
various dimensions with a covariantly constant spinor have also attracted a lot of attention 
in physics, as such spinors play a central role in supersymmetry. 

In Bryant analysed all cases up to six dimensions, together with some higher- 
dimensional examples of particular interest. In this paper I shall concentrate on the 
four-dimensional case. 

Let {A4,g) be a (pseudo) Riemannian spin four-manifold. Therefore there exist com- 
plex two-dimensional vector bundles S± (spin-bundles) equipped with parallel symplectic 
structures e± such that 

• C (X" TA4 = 5"+ (8) is a canonical bundle isomorphism. 

• g{vi ® wi,V2 (8) W2) = e+{vi,V2)e-{wi,W2) for vi,V2 G r(S'+) and wi,W2 G r(5_). 

I shall assume that there exists a spinor l parallel with respect to a Levi-Civita connection 
V of 

i = {p,q) £r{S+), Vi = 0. 
There are three possible situations depending on the signature of the metric. 
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• In the Lorentzian signature (H ) 



Spin(3, 1) = 5L(2,C), l = {p, q) ^ T = {p,q) e T{S^), VZ = 0. 

Therefore / = i I is a parallel null vector. This condition has been extensively 
studied in general relativity There exist two real functions u, v, and one complex 
function ^ such that 

g = dudv - d^d^ + H{u,C,C)du^■ 
T}^e Ricci flat condition implies that H(u, ^, = Re(/(u, ^)) where / is holomorphic 
in ^. These solutions are known as p.p waves. Analysis of curvature invariants shows 
that the function H{u,^,(,) cannot be eliminated by a coordinate transformation. 

• In the Euclidean signature (+ + ++) 

Spin(4, 0) = SU{2) x ^(2), t={p,q)^T= (g, -p) g r{S+), VZ = 0. 

A spinor and its complex conjugate form a basis of a spin space 5+. A four- 
dimensional Riemannian manifold which admits a covariantly constant spinor must 
therefore be hyper-Kahler. Hyper Kahler four-manifolds have been much studied for 
the last twenty five years. See Q and references therein. 

• In the split signature (-|- H ) (also called ultra-hyperbolic, Kleinian or neutral) 

Spin(2, 2) = 5L(2,M) X 5L(2,R), l = {p, q) ^ T = {p,q) e T{S+), Vl = 0, 

and the representation space of the spin group splits into a direct sum of two real 
two-dimensional spin spaces 5+ and S^. The conjugation of spinors is involutive 
and maps each spin space onto itself, and there exists an invariant notion of real 
spinors. 

One can therefore look for {+ -\ ) metrics with a parallel real spinor (which we choose 

to be t € r(54.)). These metrics do not have to be Ricci-flat. The resulting geometry 
will be studied in the rest of this paper. The isomorphism A^_|_(A^) = Sym^(S'+) between 
the bundle of self-dual two-forms and the symmetric tensor product of two spin bundles 
implies that the real self-dual two-form S = z. i e+ is covariantly constant and null 
(i.e. S A S = 0) which motivates the following definition: 

Definition 1.1 A null- Kdhler structure on a four- manifold consists of metric of signature 

{+ -\ ) and a real spinor field parallel with respect to this inner product. A null-Kdhler 

structure is anti- self- dual (ASD) if the self-dual part of the Weyl spinor vanishes. 

The ASD condition on null-Kahler structures is worth studying for at least two reasons: 

firstly, four-dimensional vacuum metrics in signature (-|- H ) appeared in describing 

the bosonic sector of the N = 2 super-string IQ, Secondly, many integrable systems 
in dimensions two and three arise (together with their twistor description) as symmetry 
reductions of anti-self-duality equations on {+ -\ ) background 120, 13|. 



The first aspect will be not discussed in the present paper, but I shall reveal some 
connections with integrable systems in Sections |3| and ^. 

In the next Section the ASD null Kahler condition will be related to Einstein-Maxwell 
equations. In Section ^ ASD null-Kahler condition will be reduced to a single fourth order 
integrable PDE. Explicit solutions to this equations will provide some examples of ASD 
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null-Kahler structures. The resulting twistor theory will be described in Section |^. The 
existence of a parallel real spinor will be characterised by a real structure preserving a 
preferred non-zero section of where k is the canonical line bundle of the twistor 

space. In Section |^ it will be shown that ASD null Kahler structures with a symmetry 
which preserves the parallel spinor are locally given by solutions to the dispersionless 
Kadomtsev-Petviashvili equation and its linearisations Q. Einstein- Weyl structures on 
the space of trajectories of the symmetry will be characterised by the existence of a parallel 
weighted null vector. The two-component spinor notation will used in the paper. The spin 
spaces and 5+ will be denoted by and respectively. From now on the parallel 
real spinor and the corresponding null-Kahler two- form will be denoted by € r(S''^ ) 
and t^/^B'S^ ^ £ A^-i-(AI). The notation is summarised in the Appendix. 



2 Null-Kahler metrics in four dimensions 



It is well know |18[| that Kahler four-manifolds with vanishing scalar curvature are neces- 
sary ASD. This is not true for scalar-flat null-Kahler four-manifolds. Instead one has the 
following result: 

Proposition 2.1 Let la' be a parallel real spinor on dimensional, ultrahyperbolic mani- 
fold. Then the scalar curvature vanishes, the Ricci tensor is null, and the self-dual Weyl 
spinor is given by 

Ca'B'C'D' = CLA'iB'l-C'l-D' (2.1) 
for some function c such that l^'Vaa'C = 0. 



Proof: Vanishing of the scalar curvature follows from the second Ricci identity ( 7.39| ). 
The first identity ([7.38| ) implies that ^abA'B"-^ = 0, so ^abA'B' = FabI'A"'B' for some 
Fab- The formula is a direct consequence of ( |7.39|) and ( [7.40 ) applied to a covariantly 
constant spinor. 

□ 

Now I shall show that ASD null-Kahler metrics can be viewed as solutions to Einstein 
equations with electromagnetic stress-energy tensor. The ASD part of the Maxwell field 
is given by the Ricci form, and the SD part is given by the null-Kahler form. 

Proposition 2.2 There is a one-to-one correspondence between ASD metrics with a con- 
stant real spinor, and ASD Einstein-Maxwell spaces for which the SD part of Maxwell field 
is null and covariantly constant. 

Proof: Let {A4,g) be an ASD manifold with a covariantly constant spinor la'- Proposi- 
tion 2.1 implies that 

^ABA'B' = FABt'A't'B', (2.2) 
and the spinor Bianchi identities ( 7.401 ) yield V"^"^ Fab = 0. Therefore 

Fab = Fab^A'B' + t'A'^B'SAB- (2.3) 



is a Maxwell field, and the formula (|2.2| ) can be read off as Einstein equations with a 
Maxwell stress energy tensor 

Tab = l[\gabFcdF''^ - FacFb") = FaB^A'^B'- 
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Conversely, consider a Maxwell field Fab ( |2.3| ) on an ASD background, such that its SD 
part is null and constant. The Maxwell equations give 

Vi,FAB = 0, VAA'iB' = 0, 
and the Einstein equations with the stress energy tensor Tab = Fabi^A'L-B' yield (p.2|). 

□ 

The following result will be used in Sections ^ and ^ 

Proposition 2.3 Let S"^ ^ = (E^ ^ ,1]^ ^ ^ ) be a basis of normalised real SD two- 
forms on an ASD scalar-flat manifold such that 

d{iA'iB'^^'^') = dioA'tB'^"^'^') = 0. (2.4) 

Then there exists a covariantly constant real section of Sa'- Conversely, let la' o 
covariantly constant section of Sa' on an ASD four manifold. Then it is possible to find 
another section oa', such that {oa', i^a') form a normalised spin frame, and equations (2.4) 
hold. 

Proof: Let {oa',la') be a normalised spin basis. The covariant derivatives of the basis 
can be expressed as 

Va^B' = UaLB' + VaOs' , ^ aOs' = Wal-B' " UaOB' ■ 



The first condition in (2^) can be rewritten as Va {i^A'^^b') = 0, which implies 

Va = 2UaB'1'^ i^A'- 

The second condition in (0) yields Uaa' = oiai^A'^ Waa' = PaI'A' for some oa, (3a- There- 
fore 

Vaa'^b' = (2.5) 

Contracting the RHS of the above equation with V^c'^ and symmetrising over {A'B') 
gives because g is ASD and scalar-flat. As a consequence V^(^c'[^A')''B'OiA] = which 
gives V^A'CXA = 0. Consider the real spinor la' ■= /-A'exp/, where t^^'V^A'/ = in order 
to preserve dS° ° = 0. Integrability conditions for V^A'/ = "A'- A' are satisfied, as oa 
solves the neutrino equation. Therefore we can find / for each a a, and equation (|2.5| ) 
implies that la' is covariantly constant. 

Converse. Now assume Vaa"'_b' = 0. Consider oa' such that oa'^^ = 1. The normaliza- 
tion condition implies Vaa'Os' = 7A'-A''-_B' + PAOa'I-B' for some 'Ja, PA- Contracting with 
V^C' and using Ricci identities ( [7.38 ) yields V^a'PA = 0, and so pA = "^AA'^P- There- 
fore in the null rotated normalised spin frame ca'^oa' — 4>i^A' we have /?a = 0. Therefore 

Va^'(oa"'S' + OB'iA') = 2Wa^' iA'i'B' = PAiB' = 0, 

and dSO'i' = 0. 

□ 
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3 Anti-Self-Dual null-Kahler condition as an in- 
tegrable system 

I shall now construct a local coordinate system adapted to the parallel spinor, and reduce 
the ASD null-Kahler condition to a pair of coupled PDEs. Integrability of these PDEs 
will be established by using the Lax formulation (i.e. showing that they arise as the 
integrability conditions to an over-determined system of linear equations) . 

Let = X be the bundle of complex primed spinors. The natural context for 
introducing the Lax pair is the geometry of the projective primed spin bundle (also called 
the correspondence space) J- = ¥{S^ ) = A4 x CP"*^. It is coordinatized by (x", A), where 
x° denotes the coordinates on A4 and A is the coordinate on CP^ that parametrises the 
a-surfaces through x in ^A. We relate the fibre coordinates ir^ on to A by A = ttq' / tti/ . 

Let Vaa' be a null tetrad of vector fields for the metric g on and let Tj^y^/B'c be 
the components of the spin connection in the associated spin frame. A horizontal lift of 
Vaa' to Sa' given by ^ 

VaA' = VaA' + '^AA'B'C'T^^ ^ 

Its horizontality implies S/aa'T^B' = 0. 

The space T possesses a natural two-dimensional distribution called the twistor dis- 
tribution, or Lax pair to emphasise the analogy with integrable systems. The Lax pair 
arises as the image under the projection TS^ — > T!F of the distribution spanned by 
La = ^ AA' , and is given by 

Lq = Voo' - AVoi' + lodx, Lq = Vio' - AVir + hdx, (3.6) 

where I a = ^aa'B'C'^'^''^^''^^' cubic polynomials in A (note that vri/ = 1 in these 
formulae) . 

Theorem 3.1 ||l^ The twistor distribution on Sa' given by ( |3.6D is integrable if and only 
if the Weyl curvature of g is ASD, i.e. Ca'B'C'D' = 0. 

We are now ready to reformulate the ASD null-Kahler condition as an integrable system. 



Theorem 3.2 Real coordinates {w,z,x,y) can be chosen such that all ASD null-Kahler 
metric are locally given by 

g = dwdx + dzdy — Qxxdz^ — Qyydvu'^ + 2Qxydvudz (3.7) 

where Q{w, z,x,y) is a solution to a 4th order PDE [which we write as a system of two 
second order PDEs ) : 

©ujx + ^zy + Qxx&yy — ©xj/ = /) (3-8) 

I— 1/ — fxw ~l~ fyz ~l~ ®yyfxx ~l~ ^xxfyy '^®xyfxy — 0' (3-9) 

Moreover ( |3.8|J3.9|) arise as an integrability condition for the linear system Lq^* = = 
0, where ^ = ^'(tt', x, y, A) and 

Lq = (du, - Qxydy + Qyydx) - Xdy + fydx, 

Li = {dz + Qxxdy - Qxydx) + Xdx - fxd\. (3.10) 
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Proof: Let e^^' be a tetrad of real independent one-forms. The parallel spinor lj^i enables 
us to choose coordinates w"^ = {w,z) such that e^^ = —la'^^^ = dw"^. Proposition 2.3 
implies that we can choose oa' such that oa"-"^ = 1, and 

= ]^eABOA'i^B'e^^' A e^^' = oa'C^^ A Awa 

is a closed two-form. Therefore the Frobenius theorem guarantees the existence of co- 
ordinates XA = {x,y) such that ca^ = oa'Ga^ = dxA + ©Afidu)^, where Qab = 
Qab{w, z,x,y) is symmetric in A and B. With this choice Y,^ ^ = dxA A dw^, and 
the metric is given by 

g = dxAdw"^ + OABdw'^dw^. 

Calculating the components of the spin connection yields Taa'B'C = ^AA'i-B'i-c' ■ The 
residual conformal freedom is used to set Aaa' = Pai-A'- 
The tetrad of vector fields Vaa' dual to e^^ is 

VAl' = VAA' = TT^, Vao' = O VAA' = + WaB" 



and the Lax pair ( ^ ) is 

where in the chosen spin frame /a = /3a do not depend on A. Consider the Lie bracket 

[Lo LJ = f + Oac^^ - Z?"" - A^^") + + Qab^ + X^) — 

\ dw'-^ dxc dx^ ) dx^ V dw^ dx b Qxa ^ d\ ' 



The ASD condition is equivalent to integrability of the distribution La- In fact [Lq, Li] = 
because there is no djduj^ term in the Lie bracket above. We deduce that 

A' ^ 

Qab = SaSbQ, Pa = SaI, where 5a ■= i Vaa' 



and / = f{w, z, x, y) and ©(w, z, x, y) satisfy 

+ + Q^^Qyy - 6^^ = / + T {w , z) , □/ = 0. 
To obtain (^) we absorb J^{w^ z) into / without changing (| 



□ 



Remarks 

• One-forms {e^^\e^^') span a differential ideal, and S^'"' = e^''' A e^^' = dw A dz is 
the null-Kahler form (it is covariantly constant with respect to the metric (3.7)). 
On the other hand (e*^^ , e^^ ) do not span an ideal unless / = in which case g is 
pseudo-hyper-Kahler . 

• The components of the Ricci and Weyl curvatures, and the Levi-Civita spinor con- 
nection are 

CabCD = 6aSbScSd&, Ca'B'CD' = l^Ail^Bil^C^^D'^f = 0, ii = 0, 
^ABA'B' = iA'I^B'^A^Bf, T aB = SA^B^cQdw^ , T A' B' = I^A'I^B' ^aJ dw^ . 
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The Bianchi identity (7.40) is satisfied as a consequence of equation (3.9). To sum 



out / is a potential for a null Maxwell field (so called Hertz potential), and is a 
non- linear potential for a metric. 

Potential forms of complexified null Einstein-Maxwell equations were given in ||7| 



and [19|. It will be instructive to look for a non-trivial overlap between them and 



the one given above. 

3.1 Examples 

(1) Consider a class of metrics given by G^; = 0. Equations ( p.8| , ^^ ) reduce to 

0yz ~ /) fyz — 0. 

The general solution is given by 

8 = B{w, y) + zj A{w, y)dy, f = Aiw, y), (3.11) 

where A{w,y) and B{w,y) are arbitrary functions. (In fact there are other terms linear 
in y and depending on arbitrary functions of w, z. These terms can be gauged away, as 
they do not change the metric.) We have 

g = dwdx + dzdy — {zAy + Byy)duP'. 

If Ay = then g is pseudo hyper-Kahler. 

(2) Consider solutions with / = where v is one of {w,z,x,y). Equation (|3.9|) implies 

d 



and differentiating equation (3^) yields = 0. It is enough to consider two sub-cases : 



®xx = and Qww = where the former one can be integrated explicitly 

g = dwdx + dzdy - {xPy + z{P - + 2PPy) + Q)dw'^ + 2Pdwdz, (3.12) 

where P{w,y) and Q{w,y) are arbitrary functions. 
(3) 

\yj 

g = dwdx + dzdy-ir((^A" +2-A')dw^ + A"dz^ + 2(-A" +A')dwdz\3.13) 

y^y y y / 

where A is an arbitrary function, and X is its derivative. 
(4) 

G = xA{y)+B{y), 

g = dwdx + dzdy — {xAyy + Byy)dw'^ + 2Aydwdz (3-14) 
where A and B are arbitrary functions of one variable. 
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4 Twistor theory of ASD Null-Kahler metrics 



All ASD null-Kahler metrics locally arise from solutions to ( |3.8| , |3.S| ). Non-analytic solu- 
tions are generic in (2, 2) signature. However, in order to find a twistor description, in 
this section I shall restrict myself to real-analytics solutions. 



Given an analytic solution to (3.8,3.9) one can obtain the corresponding twistor space 
by equipping A4 x CP"*^ with an integrable complex structure: The basis of [0, 1] vectors 
is {Lq, Li,d^), where {Lq,Li) are given by ( ^ ). The parallel spinor gives rise to 
the section / = i^' t^a' of k"^''^. In this section I shall perform this construction (together 
with its converse) in a coordinate independent way. 

Definition 4.1 An a-surface is a totally null two-dimensional surface, such that a two- 
form orthogonal to its tangent plane is SD. 

There are Frobenius integrability conditions for the existence of such a-surfaces through 



each point and these are equivalent, by Theorem |3.1| to the vanishing of the self-dual part 
of the Weyl curvature, Ca'B'C'D'- Thus, given Ca'B'C'D' = 0, we can define a twistor 
space VT to be the three complex dimensional manifold of a-surfaces in M . 

A tangent space to an a-surface is spanned by null vectors of the form X^ir^ with 
TT^ fixed and A"^ arbitrary. As mentioned in the introduction, in the split signature any 
spinor has an invariant decomposition into its real and imaginary part. A real a-surface 
corresponds to both and tt^ being real. 

In general ir^ = Revr"^ + ilunr^ , and the correspondence space J- defined in the last 
section decomposes into two open sets 

= {{x^, [vr^']) G T; Re(7r^/)Im(7r^') > 0} = M x D+, 
T- = {{x", [tt^']) G ^; Re(7rA/)Im(7r^') <0}=MxD^, 

where D± are two copies of a Poincare disc. These complex submanifolds are separated 
by a real correspondence space 

^0 = {(x", [tt^']) € T; Re(7rA/)Im(^^') = 0} = M x MP\ 



The vector fields ( |3.6| ) together with the complex structure on the CP^ give !F a structure 
of a complex manifold VT: The integrable sub-bundle of TJ^ is spanned by Lo,Li,5^. 



The distribution (3.6) with A G MP^ define a foliation of J-q with a quotient VTq which 
leads to a double fibration: 

M^J^o^ VTq. (4.15) 

The twistor space VT is a union of two open subsets "PT^ = and VT^ = (T-) 

separated by a three-dimensional real boundary^ {real twistor space) VTq := q{J^o). 

The real structure (t(x°) = maps a-surfaces to a-surfaces, and therefore induces an 
anti-holomorphic involution a : VT VT. The fixed points of this involution correspond 
to real a-surfaces in Ai. There is an RP^ worth of such a-surfaces through each point of 
M. The set of fixed points of a in VT is VTq. 



^ In |23] Woodhouse performed a careful analysis of the twistor correspondence for flat (+ H ) metrics, 



and showed how functions on VTo — WF^ can be used to construct smooth solutions to the ultra-hyperbolic 
wave equation. 
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Each point x £ A4 determines a sphere made up of all the a-surfaces through x. 
The normal bundle of Ix in VT is = TVT\i^/Tlx. This is a rank- two vector bundle 
over CP^, therefore it has to be one of the standard line^ bundles 0{n) © 0{m). 

Lemma 4.2 Letp : !F = M xCP^ — > M. The holomorphic curves Ix ■= p^^{x), x G A4 
have normal bundle N = 0(1) © C(l)- 

Proof. The bundle N can be identified with the quotient p* (TxAi) / {span Lq,Li}. In 
their homogeneous form the operators have weight one, so the distribution spanned 
by them is isomorphic to the bundle (8) 0(— 1). The definition of the normal bundle as 
a quotient gives a sequence of sheaves over CP^. 

— >C^0 0(-l) — ^ — >N — ^ 

and we see that = 0{1) © 0{1) , because the last map, in the spinor notation, is given 
exphcitly by F^^' i-^ V^^'tta' projecting onto 0(1) © 0(1). 

□ 

If A4 is ASD null-Kahler then VT has an additional structure: 

Theorem 4.3 Let VT he a three-dimensional complex manifold with 

• a four parameter family of rational curves with normal bundle 0(1) © 0(1), 

• a preferred section of k^^I'^, where k is the canonical bundle of VT , 

• an anti-holomorphic involution p : VT VT fixing a real equator of each rational 
curve, and leaving the section of k^^/^ above invariant, 

Then the real moduli space M of the p-invariant curves is equipped with a restricted 
conformal class [g] of ASD null-Kdhler metric: If g £ {g\ and TP^ is a null-Kahler two- 
form then g = Q^g G [g] for any $1 such that dQ A S*^ =0. Conversely, given a real 
analytic ASD null Kdhler metric, there exists a corresponding twistor space with the above 
structures. 

Proof: Let g be a real analytic ASD metric with a covariantly constant real spinor la'- 
From Ca' b'C d' = it follows that there exist coordinates tt^ on the fibres of M. 
such that vr^ aa'T^^ = 0. Therefore a parallel section la' of Sa' determines a function 
/ = vr"^ LA' constant along the twistor distribution. The line bundle vr"^ la' = on VT is 
isomorphic to where k = QPVT is the canonical bundle. 

Converse. The global section / of when pulled back to Sa' determines a homo- 

geneity degree one function on each fibre of Sa' and so must, by globality, be given by 
/ = i"^ TiA' and since / is pulled back from twistor space, it must satisfy tt^ ^ aa'I = 0. 
This implies 

VaA'^B' = £A'B'(y-A (4.16) 

for some a a- Choose a representative in [g\ with i? = 0. Contracting ( [4.16| ) with V^c' 
and using the spinor Bianchi identity gives 

^^C'^ AA'I^B' = Ca'B'C'D'^^ - Y^R^C'iB'^A') = = EA'B'^^^C'OiA, 

^ Here 0{n) denotes the line bundle over CP^ with transition functions A^" from the set A 7^ oo to A 
(i.e. Chern class n). 
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so a A is a solution to the ASD spin 1/2 equation V^^^^'a^ = (so-called neutrino equa- 
tion). It can be written in terms of a potential 

OA = i^^AA'^ (4.17) 

because the integrability conditions i^^'t^' V^^a'C^A = cka'-'^' V'^a"-^' are satisfied. Here 
is a real analytic function which satisfies 

V"Va0 + Va0V> = O (4.18) 

as a consequence of the neutrino equation. Consider a conformal rescaling 

ij = ^l^g, ea'B' = ^^A'B'i ^A' = ^iA'i = , R = R + -^l^^nn. 

The twistor equation ( [4.16 ) is conformally invariant as t^"' = 0~^Va''^ t^'-' = 0. 
Choose Q G ker □ so that R = 0. Let = Q^^Va^- Then 

VAA't^' = ^AA'i^' + EA'^'^AB'i^' = EA'^' (^^' Vac (</> + ^^^)) 

where we used ( [4.16| ) and ( [4.17 ). Notice that, as a consequence of ( 4.18| ), exp{cj)) S kerD 
and we can choose Infi = — </>, and 

t/AA't""' = 0. (4.19) 

We can still use the residual gauge freedom and add to (p and an arbitrary function 0, 
constant along Vaa'j which by Frobenius theorem implies dJ7 A =0. This means 
( 4.19 ) is invariant under a conformal rescaling by functions constant along the leaves of 
the congruence defined by 1^ . Such conformal transformations do not change R = 0. 

□ 



5 ASD null Kahler metrics with symmetry 

In this section I shall consider ASD null Kahler metrics which admit a Killing vector 
preserving the parallel spinor. Let us call them ASD null Kahler metrics with symmetry. 
I shall show that all such metrics are (at least in the real analytic case) locally determined 
by solutions to a certain integrable equation and its linearisation. 

Before establishing this result I shall review some facts about Einstein-Weyl (EW) 
spaces which admit a parallel weighted vector [^. 

5.1 3D Einstein— Weyl spaces with a parallel weighted vec- 
tor 

Let W be a three-dimensional real manifold with a torsion-free connection D and a confor- 
mal metric [h] . We shall call W a Weyl space if the null geodesies of [h] are also geodesies 
for D. This condition is equivalent to 

Dh = v®h (5.20) 
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for some one form v. Here /i is a representative metric in the conformal class. If we 
change this representative by h — > (t^'^h, then v — > v + 2d\n(j). A tensor object T which 
transforms as T — > (j/^T when h — > (jP'h is said to be conformally invariant of weight 
m. The covariant derivative of a one- form (3 of weight m can be expressed in terms of the 
Levi-Civita connection of h: 

bf3 = V fi - ]^{(3 ® V + {I - m)v ® (3 - h{u, (3)h). (5.21) 
The conformally invariant Einstein- Weyl (EW) condition on (W, h, v) is 

Where A and Wij are the scalar curvature, and the Ricci tensor of the Weyl connection. 

Three-dimensional EW structures are related to four-dimensional ASD conformal 
structures by the Jones- Tod correspondence [10|: 

Proposition 5.1 ( [|To[] ) Let {M.,g) he a ultra- hyperbolic four-manifold with ASD con- 
formal curvature, and a conformal Killing vector K. The EW structure in indefinite 
signature on the space W of trajectories of K is defined by 

h:=\K\-^g -\K\-'^^QY., i/ := 2|i^|-2 (K A dK), (5.22) 

where := gabK"'K^, K is the one form dual to K and *^ is taken with respect to g. 
All three-dimensional EW structures arise in this way. 

Conversely, let {h,v) be a three-dimensional EW structure with a signature {+ H — ) 
on W, and let {V^a) be a pair consisting of a function of weight —1 and a one- form on 
yy which satisfy the generalised monopole equation 

*h{dV + {l/2)vV) = da, (5.23) 
where *h is taken with respect to h. Then 

g = Vh-V-^{dz + af (5.24) 
is an ASD metric with an isometry K = dz- 

In Q it has been demonstrated that if an EW space admits a parallel weighted vector, 
the coordinates can be found in which the metric and the one form are given by 

h = dy^ - 4dxdt - Audt^ , v = -Au^At, u = u{x, y, t) (5.25) 

and the EW equations reduce to the dispersionless Kadomtsev-Petviashvili equation 

(Ut - UUx)x = Uyy. (5.26) 

If u{x,y,t) is a smooth real function of real variables then (|5.25| ) has signature (-|- H — ). 
It has also been shown that there exists a twistor construction of EW spaces ( ^.251 ) given 
by the following Theorem 

Theorem 5.2 Q There is a one to one correspondence between Einstein- Weyl spaces 
) obtained from solutions to the equation ( 5.26D and two-dimensional complex mani- 
folds with 

• A three parameter family of rational curves with normal bundle 0{2). 

• A global section I of k~^^^, where k is the canonical bundle. 

• An anti-holomorphic involution fixing a real slice, leaving a rational curve and the 
preferred section of invariant. 
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5.2 Symmetry reduction 

Now we are ready to establish the main result of this section. 

Theorem 5.3 Let H = H{x,y,t) and W = W{x,y,t) be smooth real-valued functions on 
an open set W C which satisf]]^ 



yy ~l~ H^Hxx 



Wyy - Wxt 



[HxWx)x 



Then 



g = Wx{dy^ - Mxdt - AHxdt'^) - W'^dz - W^dy - 2Wydtf 



(5.27) 
(5.28) 

(5.29) 



is an ASD null Kdhler metric on a circle bundle A4 W. All real analytic ASD null 
Kdhler metrics with symmetry arise from this construction. 

Proof. Let (/i, v) be a three-dimensional EW structure given by ( ^.25 ) (with u = H^) and 
let {V, a) be a pair consisting of a function and a one-form which satisfy the generalised 
monopole equation ( 5.23 ). The ultra- hyperbolic metric 

g = y(dy2 _ Uxdt - m^dt^) - V-^{dz + af (5.30) 

is therefore ASD. It satisfies C^g = 0, where K = d^- Using the relations 

*hdt = dt A dy, *hdy = 2dt A dx, *hdx = dy Adx + 2Hxdy A dt 

we verify that equation ( |5.28| ) is equivalent to d*h {d + l'/2){Wx) = 0. Therefore 

Wxxdy Adx + {2{HxWx)x - Wtx)dy Adt + 2Wxydt A dx = da, 

and we deduce that V = Wx is a solution to the monopole equation ( ^.23|) on the EW 
background given by ( 5.25|) . We choose a gauge in which a = Qdy + Pdt. This yields 



Qx 



-Wxx, 



Px = -2Wxy, Py-Qt = 2{HxWx 



Wxt, 



(5.31) 



so Q = -Wx + A{y,t), P = -2Wy + B{y,t) and a = -Wxdy - 2Wydt + Ady + Bdt. 
The integrability conditions Pxy = Pyx ai'e given by ( 5.28| ), and At = By. Therefore there 
exists C{y,t) such that A = Cy,B = Ct. We now replace z hy z — C and the metric 
( 5.30D becomes ( 5.2E ). This proves that ( ^.29| ) is ASD. It is also scalar-flat, because, as a 
consequence of ( 5.28 ), 



R = SiWxyy - Wxxt + {HxWx)xx)Wx = 0. 

We now choose the null tetrad 



(5.32) 



„oo' 



oOl' 



10' 



dz - 2Wydt 



-2Wxdt, e 

2Wx 

dz - 2Wxdy - 2Wydx + ze 



00' U' 



dx + Hxdy + ze 



10' 



With definition u — the x derivative of equation ( 5.27 ) becomes the dispersionless Kadomtsev- 
Petviashvili equation ( 5.26| ) originally used in There are some computational advantages in working with 
the 'potential form (5.27). 
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such that g = 2(e^^' e^^' — e^^' e^^'). The basis of SD two forms Y,^'^' is given by 

SO'i' = =.^,OB,S^'^'=ei0'Ae°i'-e°0'Aei^'=dtAd(z2) + 2dtAdl^ + dyAdz. 
S^'^' = =oa'Ob'T.^'^' = e°^' Ae^^' = 2W^dxAdy + 2{zW^ + Wy)dxAdt-dxAdz 
+{2Hr,Wx - 2zWy)dt Ady + zdz Ady + {H^ + z^)dz A dt. 

These two-forms satisfy 

-2SO'o' A Si'^' = SO'I' A SO'I' , dE^'o' = 0, dE^'^' = 0, 

dS^'^' = d(F^ - 2W) AdtAdz + {W^t - Wyy - {H^W^)^)dx A dy A dt. (5.33) 



Therefore Proposition 2.3 impHes that the metric ( p. 291 ) admits a constant spinor which 
is preserved hy K = dz- 

Converse : Let be a real analytic ASD metric with a covariantly constant spinor lai, 
which is Lie derived along a Killing vector K. Theorem O implies that the corresponding 
twistor space VT is equiped with / S T{k~^^^) The Killing vector K gives rise to a 
holomorphic vector field on VT which preserves / . Therefore the minitwistor space Z 
(the space of trajectories of K in VT) also admits a preffered real section of the —1/4 
power of its canonical bundle. The minitwistor space Z satisfies the assumptions of 
Theorem and the corresponding EW metric is of the form g = ft'^g, where g is given 
by ( 5.29| ). Both g and g are scalar flat (this follows from the spinor Ricci identities and 
from equation ( 5.32|) respectively). As a consequence we deduce that ft = fl{t). Now we 
can use the coordinate freedom ||5j to absorb Q in the solution to the equation ( |5.27| ). 

□ 



Corollary 5.4 Let (M,g) be an ASD null-Kdhler manifold with symmetry. Then the 
Einstein-Weyl structure induced by ( ^.221 ) on the space of orbits of this symmetry is locally 
of the form ( ^.25 ). 

Remarks: 

• Theorem 5.3 is analogous to a result of LeBrun [12| who constructs all scalar-flat 
Kahler metrics with symmetry in Euclidean signature from solutions to the SU (oo) 
Toda equation and its linearisation. 

• A class of solutions to the monopole ( |5.28| ) can be obtained from vectors tangent to 



a space of solutions to ( 5.27 ) generated by 

a(e)x + 6(e), t — > a(e)t + c(e), 



X 



y 



a[e)y + e[e) 



where a(0) = a, 6(0) = b, c(0) = c, e(0) = e. The corresponding linearised solution is 
given by 



Wix,y,t) 



dH. 
17 



\e=0 



a{xH^ + yHy + tHt) + bH,^, + cHt + eHy. 



• li H = const then ( |5.28|) red uces to the wave equation in 2 + 1 dimension, and 
consequently the metric ( ^.29 ) is the (+ H ) Gibbons-Hawking solution Q. 
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Note that dS^ ^ 7^ unless W = + /(t), in which case 

dT}'^' = d{H^t - H^H^^ - Hyy) A dy A dt = 0, 
and we are working in a covariantly constant real spin frame. The metric 

9 = %^(dy' - 4dxdt - AH At") - TF-(d^ - " H^y'^tf (5.34) 

is therefore pseudo hyper-Kahler. In |Q it was shown that all pseudo hyper-Kahler 
metrics with a symmetry satisfying dKj^ /\dKj^ = are locally given by (|5.34 ). Here 
dif+ is a self-dual part of dK. 



• If Wx 7^ Rxx/"^ then ( 5.29 ) is not Ricci-flat. This can be verified by a direct calcu- 
lation. It also follows from more geometric reasoning: The Killing vector K = 
acts on SD two-forms by a Lie derivative. One can choose a basis ^ such that 
one element of this basis is fixed, and the Killing vector rotates the other two. The 
components of the SD derivative of K are coefficients of these rotations. Therefore 
(di^)+ = const if g is pseudo hyper-Kahler. In our case d-fC+ = {Hxx/Wx)dz A dt. 
Therefore Hxx/Wx must be constant for ( |5.29| ) to be Ricci-flat. An example of a 
non-vacuum metric is given hy W = Hy/2. 

5.3 Pseudo hyper-Kahler metrics with symmetry 

In this subsection I shall assume that an ASD null-Kahler structure {A4,g) admits an 
additional parallel spinor oa' such that o^'Z.^ = 1. Now there exists a covariantly constant 
basis of the spin space , and {J^,g) is pseudo hyper-Kahler. In the split signature 
we can arrange for one of the complex structures to be real and for the other two to be 
purely imaginary: 

-j2 = = T^ = 1, 1ST = 1, 

and S and T determine a pair of transverse null foliations. Now 

g{X, Y) = g{IX, lY) = -g{SX, SY) = -g{TX, TY) 

for any pair of real vectors X, Y . The endomorphism / endows M. with the structure 
of a two-dimensional complex Kahler manifold, as does every other complex structure 
al + bS + cT parametrised by the points of the hyperboloid a? — h"^ — (? = 1. Using the 
identification between the two- forms, and endomorphisms given by g we can write 

S = SO'O' - S^'i' , / = SO'O' + S^'i' , T = SO'I' . 

Killing vectors on pseudo hyper-Kahler spaces give rise to a homomorphism 

50(2,1). 

Therefore K induces an action on the hyperboloid. Assume that g{K, K) 7^ 0. If 

the action is trivial, then we are dealing with the (+ H ) Gibbons-Hawking ansatz 

Otherwise, there always exists a fixed point of the action. If the two-form corresponding 
to this fixed point is non-degenerate, then g is given in terms of solutions to the SU (00) 
equation |l^, Finally if the fixed point corresponds to a degenerate two-form, then 
g is given by ( ^.34 ). Pseudo hyper-Kahler metrics which admit K such that g{K^ K) = 0, 



and Cxg = I^k^ = C.kS = CkT = have been found in ||l|]. Conformal symmetries of 
pseudo hyper-Kahler metrics with non-null self-dual derivative have been classified in [0| 
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7 Appendix— spinor notation 



Let be a real four-manifold equipped with a {+-\ ) metric g and compatible volume 

form u. We use the conventions of Penrose and Rindler [l^. a,b, ... are four-dimensional 
vector indices and A, B, A' , B' , ... are two-dimensional spinor indices. They have ranges 
0, 1 and O', l' respectively. The tangent space at each point of M is isomorphic to a tensor 
product of the two real spin spaces 

TM = S^^S^'. (7.35) 

This isomorphism is given by 



V — >V 



AA' 



Orthogonal transformations decompose into products of ASD and SD rotations 

50(2,2) = (5L(2,M) x 5L(2,M))/Z2. (7.36) 

The Lorentz transformation — > A°'i,V'' is equivalent to 

-i/AA' , \A j/BB' \A' 

where X^b and A"^ b' are elements of SL(2,M.) and S'L(2,M). 

Spin dyads (o^,t^) and (o"^ , t"^ ) span and S"^ respectively. The spin spaces 
5^ and 5^' are equipped with parallel symplectic forms eab and ea'B' such that Eqi = 
eo'i' = 1- These anti-symmetric objects are used to raise and lower the spinor indices via 
LA = l^eba, i'^ = s^^i-B- We shall use normalised spin frames so that 



O^.C _ Ji^C ^ ^BC ^B'^C _ JB'^C ^ ^B'C'_ 



Let e^'^ be a null tetrad of one-forms on M. i.e. 

g = EABEA'B'e^^'e^^' = 2(e°o'e"' - e'^'e'^'), 

and let V aa' be the frame of vector fields dual to e^^' . The orientation is given by fixing 
the volume form 

,. = eOi'Aeio' Ae^i'AeOO'. 

Apart from orientability M. must satisfy some other topological restrictions for + H 

metric, and a global spinor fields to exist. We shall not take them into account as we 
work locally in M.. 
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Any two-form ^l^b can be written as 

^ABA'B' = ^AB^A'B' + ^A'B'^AB 

where ^ab are ^a'B' symmetric in their indices since Qab is skew. This is the decompo- 
sition of a two- form into its ASD and SD part. The space of SD two forms is therefore 
isomorphic to a symmetric tensor product of two primed spin spaces. 

The local basis S^^ and E^'^' of spaces of ASD and SD two-forms are defined by 

^AA' ^ ^BB' ^ ^AB^A'B' ^ ^A'B'^AB_ (7 37) 

The first Cartan structure equations arc 

de^^' = e^^'Ar^B + e^^'Ar%,, 

where Tab and Ta'b' are the SL{2,'R) and SL{2,'R) spin connection one-forms. They are 
symmetric in their indices, and 

Tab = Tcc'ABe'^^ , Ta'b' = Tcca'B'g'^^ , Tcca'B' = oa'Vcc'I'B' — iA''Vcc'OB'- 
The curvature of the spin connection 

R^B = dV^B + r^c A T^B 

decomposes as 

R^B = C^BCD^^'' + (l/12)i?S^B + ^^BC'D'S^'^', 

and similarly for R^' b'- Here R is the Ricci scalar, ^aba'B' is the trace-free part of the 
Ricci tensor Rab, 

-2^ABA'B' = Rab " ^^Qab, 

and Cabcd is the ASD part of the Weyl tensor 

Cabcd = £A'B'£C'D'CaBCD + £AB£CdCa'B'C'D' ■ 

A conformal structure is called ASD iff Ca'b'C'D' = 0- Define the operators Aab and 
Aa'B' by 

[Va, Vfo] = EaB^A'B' + SA'B'^AB- 

The spinor Ricci identities are 

^ABl-A' = ^ABA'B'l-^ (7.38) 
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Aa'S'^-C" = [Ca'B'C'D' — ■y^R£D'{A'£B')C'V ' (7.39) 

(and analogous equations for unprimed spinors). Bianchi identities translate to 



aCa'B'C'D' = '^fB'^C'D')AB: ^ABA'B' + g VsS'-R = 0. (7.40) 

Let K be a pure Killing vector. Then vj;J'ir|j^ = 0, VKa = 0. This implies 

VaKb = (t)AB£A'B' + 'ipA'B'SAB, 
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where tpA' B' and (pAB are symmetric spinors. The weh known identity V aS^bKc = Rbcad.K'^ 
imphes 

V^^'Vb'C" = -2C^/s'C"-^D' ~ '^^^ {Ai^B>c')B + -^^A'{B'K^C') " -^^A'(B'^C'f^^DD'- 

(7.41) 

Therefore in an ASD vacuum ipA' B' = const. A Lie derivative of a spinor along a Killing 
vector K is given by 

Note that if la' is covariantly constant, and the Killing vector K preserves the la' we 
deduce that ipA'B' = ^"-A'l-B' for some function ip. The identity ( 7.41 ) yields 

VAA'i^ = \fabK% 
so ip ^ const unless g is hyper-Kahler. 



References 

[1] Barrett, J. Gibbons, G.W., Perry, M.J., Pope, C.N., & Ruback, P.J. (1994) 
Kleinian Geometry and the N=2 Superstring, Int.J.Mod.Phys. A9, 1457-1494. 

[2] Bryant, R. L. (2000) Pseudo-Riemannian metrics with parallel spinor fields and 
vanishing Ricci tensor. Global analysis and harmonic analysis, 53-94, Semin. 
Congr., 4, Soc. Math. France, Paris. 

[3] Dancer, A. (2000) Hyper-Kahler manifolds, in Surveys in Differential Geometry, 
Vol VI Essays on Einstein Manifolds Edited by: Claude LeBrun, and McKenzie 
Wang. 

[4] Dunajski, M. (2000) ASD Null Kahler metrics with symmetry, Twistor Newsletter 
45, 62-65. 

[5] Dunajski, M., Mason, L.J., & Tod, K.P. (2001) Einstein-Weyl geometry, the dKP 
equation and twistor theory J. Geom. Phys. 37, 63-92. 

[6] Dunajski, M. & Tod K.P. (2001) Einstein~Weyl Structures from Hyper-Kahler 
Metrics with conformal Killing Vectors, Diff. Geom. Appl. 14, 39-55. 

[7] Garcia, A., Plebahski, J. F.&; Robinson, I. (1977) Null strings and complex 
Einstein-Maxwell fields with cosmological constant. Gen. Rel. Grav. 8, 841-854. 

[8] Finley, J.D. & Plebahski, J.F. (1979) The classification of all Tl spaces admitting 
a Kilhng vector, J. Math. Phys. 20, 1938. 

[9] Gibbons, G. W.&: Hawking S.W. (1978) Gravitational multi-instantons, Phys. 
Lett. 78B, 430-432. 

[10] Jones, P. & Tod, K.P. (1985) Minitwistor spaces and Einstein- Weyl spaces. Class. 
Quantum Grav. 2 565-577. 

[11] Kramer, D., Stephani, H., MacCallum, M., & Herlt, E. (1980) Exact solutions of 
Einstein's field equations, CUP. 

[12] LeBrun, C.R. (1991) Exphcit self-dual metrics on Cp2# • • • #CP^, J. Diff. Geom. 
34 233-253. 



17 



[13] Mason, L.J. & Woodhouse, N.M.J. (1996) Integrability, Self-Duality, and Twistor 
Theory, L.M.S. Monographs New Series, 15, OUP. 

[14] Ooguri, H. k Vafa, C. (1990) Self-Duality and N=2 String Magic Int. J. Mod. 
Phys. A5 1389-1398. 

[15] Penrose, R. (1976) Nonlinear gravitons and curved twistor theory. Gen. Rel. Grav. 
7, 31-52. 

[16] Penrose, R. &: Rindler (1986) Spinors and Space- Time, Vol 1, 2, CUP. 

[17] Plebahski, J. F. (1975) Some solutions of complex Einstein Equations, J. Math. 
Phys. 16 2395-2402. 

[18] Pontecorvo, M. (1992) On twistor spaces of anti-self-dual Hermitian surfaces. 
Trans. Am. Math. Soc. 331, 653-661. 

[19] Robinson, D.C (2000) Holomorphic 4-metrics and real structures, preprint KCL- 

MTH-00-59 

[20] Ward, R.S. (1985) Integrable and solvable systems and relations among them, 
Phil. Trans. R. Soc. A 315, 451-457. 

[21] Ward, R.S. (1990) Einstein-Weyl spaces and SU (oo) Toda fields. Class. Quantum 
Grav. 7 L95-L98. 

[22] Woodhouse, N.M.J. (1992) Contour integrals for the ultrahyperbolic wave equa- 
tion. Proc. Roy. Soc. London Ser. A 438 no. 1902, 197-206. 



18 



